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QFT & Topology

Quantum states from space-time path integral (Feynman):

N
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If independent of metric: TQFT, quantum invariants (Witten, ...)

Effective theory for topological g. phases, “topological order” (Wen, ...) -> David’s
talk

Today: Construction of lattice models with topological order 2/20



1D States from 2D Triangulations
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1D States from 2D Triangulations

. Z
Tensor network for any triangulated surface N
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..Independent of the bulk triangulation Iff: [Pachner]
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Example: Ising Tensor
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This defines a topological tensor. E.g.:
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1D: Construction of Lattice Model

Given tijec and triangulated H*.. N TR ST

Hilbert space: H) = @ C™
edz@ese

Hamiltonian: W = ZHV where Hy = Z(A\\

local operator!

The Hy are commuting projectors!
6/20



1D: Ground Space & Renormalization

GS projector: —_W Hy = Z2(Mx [O«YD 2z (/\\W)

‘re(\SOr oe}wo&

GS dimension: N P, = 2(HXS*) &— oo Inoanonk

Renormalization:

8( l\/l\/| ) S poal W QS GS
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Example: Ising Model 1=2 .\‘L r (41 =D

Hilbert space: de'\c‘bwg n
Hamiltonian: Hy = 2,( /l\w = -‘i-_ (1@1 + X@K\

GS projector (1= N Y

e-2[1/1/1/) — Gs= Spen { laen> o™ §

indeed, + ©,=2(SA\S*) = 2 as computed before.
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Example: Ising Model 1=2 .\\L r (+k=0)

Ground space:  §pen { leen> | locdd> §

locally indistinguishable

However, superpositions can be locally distinguished!

o> = lodd> = 145N phere ey = \o};@

“Topological Bit”

More generally: “No topological order in 1D 9/20



1D: Topological Tensors from Semisimple Algebras

[Fukuma et al]

65\ fin.-dim. algebra ——=> basis Qa;\ T

Assoclativity:

Semisimplicity

O-{OC —_—

J

ISing tensor:
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Going Up: 2D States from 3D Triangulations

Ly €L on QdSQS
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Going Up: 2D States from 3D Triangulations

[Turaev-Viro]

. 3
Tensor network for each triangulated N :
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..Independent of the bulk triangulation Iff:
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[Levm Wen],

2D: Construction of Lattice Model [Koenig et al]

Given G\‘(‘X:\\ and triangulated M= @/

T

Hilbert space: H) = @C‘Léb@
e

el >
Hamiltonian: \—\—:-Z Hy where |, = Z( %)
vedex v

local operator!

The H, are commuting projectors! (As before...)
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2D: Ground Space & Renormalization

GS projector: A =_W Hy = chx[o‘\‘l) ~> \&xr aRiuoake
GS degeneracy: N P, = %(HXS‘) &— lopo invanonk

Renormalization:

2( ) &— pokal QS GS
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Example: Toric Code [Kitaev]

1=4, fuson e \H'yc\&‘-:O\ G=1 1§ aloed

l

dual complex | GS ae 2_ of Closed Strno,
\> \\ loc,a\tb u\dis\m@q: e
h /

™~ -
Topological Qubits

Logical operators = strings. Excitations well-understood, also on TN level, .,



Going Up: Algebra vs Topology

Associativity: QCQ‘. ‘ a\ﬂ A T Qg (a;; ‘ay )
@ Categorification
ol jle
Associator: ({@;Q@\c LN \®C’3®\C)

L{> Monoidal tensor categories
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2D: Topological Tensors from Fusion Categories (sarretwestbur]

(E spherical fusion category

l)1-- €L simple objects, iy € Hom ({1 3®\W) basis

oLijn associator —s structure constants G, 9™

Pentagon equation:

oo > cnm\\o\( @ @ &
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Semisimplicity Excitations 17/20



Going Up: Topological Tensors in nD

Degrees of freedom on
n-skeleton of M":

Ly .- €T on edges Ti@---(@--@%.—-
[ e ulqw) on triangles

Y= K((:3 W) on tetrahedra x

Tensor for n+1-simplex:

:‘> W) D 2N forany O™

Topological invariance from n+7-Pachner moves (boundary of n+2-simplex). 18/20



GO| ﬂg U p: Alge b ra | N 1 D [Carter et al], [Crane-Yetter], [Mackaay], [Morrison-Walker], ...

Associativity: (a-. ‘ aﬂ A, T oyt (a;) cay )

&

oL iyl : .
Associator: (enN®k s ieGe\v)
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Higher Category Theory
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summary

Topological lattice models in arbitrary dimension
* Input: labels, “topological tensor” Z(
satisfying coherence equations )

» Topological ground state degeneracy

» Tensor network, RG map ///

2D: Recover all known topologically ordered models &(\
3D: New models from tricats Sahinoglu-W. E /
Many open questions: New phases from exotic ncats? Mathematical structure of the
excitations? Classification?
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Thank you for your attention
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