
Entanglement Polytopes

Michael Walter

joint work with Matthias Christandl, Brent Doran
(ETH Zürich), and David Gross (Univ. Freiburg)

Quantum state tomography of 1000 bosons:
reduced density matrices
Michael Walter?, Roman Schmied†, Matthias Christandl?, Philipp Treutlein†

? Institute of Theoretical Physics, ETH Zurich
† Quantum Atom Optics Lab, University of Basel

Quantum states of bosonic qubits

Hilbert space of N bosons in ground state with pseudo-spin 1
2 each:

SymN(C2),

�z-eigenbasis |S,Mi, total spin S = N
2 , M = �S, . . . , S.

Density matrix

⇢N =
X

M,M 0

⇢M,M 0|S,MihS,M 0|

Reduced density matrix describes state
of n of the N bosons

⇢n = TrN�n(⇢N)

all density matrices
of N bosons

density matrices
of n bosons

reduced density
matrices

TrN�n

Not every n-boson density matrix occurs as the reduced density matrix of an N -
boson state!

spherical harmonics

Clebsch–Gordan: B(SymN(C2)) ⇠=
2SM

k=0

Sym2k(C2) ✓ L2(CP 1)

Wigner function is corresponding function on Bloch sphere,

W (✓,�) =
2SX

k=0

kX

q=�k

⇢k,qYk,q(✓,�),

i.e.,

⇢M,M 0 =
2SX

k=0

kX

q=�k

(�1)S�M�q⇢k,q hS,M ;S,�M 0|k, qi .

Wigner function and reduced density matrix for n < N bosons
are given by the same formulas, but cut off at s = n

2 .

Coherent state along �z

|# . . . #i

Schrödinger cat state

|" . . . "i + |# . . . #i

Quantum state tomography

⇡ rotation to correct frame

Tomographic reconstruction of the Wigner function (Basel)
Filtered backprojection algorithm [1] (similar to an inverse Radon transform):
– prepare state L times
– each time, choose quantization axis (✓l,�l) and measure spin (single Stern–Gerlach

experiment) measurement result (Sl,Ml)

– reconstruct via

⇢̂k,q = (2k + 1)
1

L

LX

l=1

Dk
q,0(�l, ✓l, 0) hSl,Ml;Sl,�Ml|k, 0i

Optimization for states localized on hemisphere: only measure in equatorial directions.

! numerically stable (no inversion)
! for low k, insensitive to fluctuations in S and M (do not need state resolution)
! for small n, reduced density matrices ⇢̂n can be estimated well

Finding the closest physical reduced density matrix (ETH)
Given ⇢̂n, find the closest reduced density matrix which comes from N bosons.

Efficient solution via semidefinite/quadratic program:

minimize k⇢̂n � ⇢nk22
such that 9⇢N � 0 :

Tr ⇢N = 1

⇢n = TrN�n(⇢N)

! closest physical density matrix ⇢n
! lower bound " on error bar

⇢̂n⇢n "

Example: Tomography of a squeezed BEC
Pseudo-spin squeezing of N = 1250(45) 87Rb atoms on an atom chip [2].

Reconstructed Wigner function:

Lower bound " on the error of ⇢̂n given hypothesis on total number of bosons N :
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Future Directions
Reliable error bars; global constraints (e.g., ⇢N Gaussian); . . .
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Pure-State Entanglement

A pure state                 is entangled if and only if⇢ = | ih |

| i 6= | 1i ⌦ . . .⌦ | N i

   is unentangled iff all reduced density matrices     are 
pure.
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Pure-State Entanglement

A pure state                 is entangled if and only if⇢ = | ih |

| i 6= | 1i ⌦ . . .⌦ | N i

   is unentangled iff all reduced density matrices     are 
pure.
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Eigenvalues of reduced density matrices characterize 
entanglement of global state.
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Multi-Partite Systems

• no Schmidt decomposition
• rank of reduced density matrices not enough
• generically: infinitely many classes, labeled by exp(N) 

many continuous parameters

| i

~ full tomography



Multi-Partite Systems

• no Schmidt decomposition
• rank of reduced density matrices not enough
• generically: infinitely many classes, labeled by exp(N) 

many continuous parameters

| i

~ full tomography

Eigenvalues of reduced density matrices can still give useful 
information!
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cf. Quantum Marginal Problem
Christandl-Mitchison (2004)

Klyachko (2004)
Daftuar-Hayden (2004)
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Purity:

Purity and Noise

p = tr ⇢2

Impurity enlarges effective error bars!

Fact: If               then there exists a 
pure state      with                       
whose local eigenvalues differ 
by        . 

p � 1� ✏
| i h |⇢| i � 1� "

. N"

⇢
| i

N"

"

(can be estimated using two-body measurements)



Thank you!
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