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Example: Three Qubits

Higuchi, Sudbery 
& Szulc (2003)
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One-Body Quantum Marginal Problem

• Result is always a convex polytope (Kirwan)

• Explicit linear inequalities

• Representation theory

Mathematical structure: Symplectic Geometry

Klyachko (2004), Daftour & Hayden (2004),
Berenstein & Sjamaar (2000), Ressayre (2007)

moment 
map

Christandl & Mitchison (2004), Klyachko (2004), 
Christandl, Harrow & Mitchison (2006)

 1...N 7! (eig ⇢1, . . . , eig ⇢N )



Eigenvalue Distributions

Given a random pure state          , what is the joint 
distribution of its local eigenvalues                    ?~�(1), . . . ,~�(N)

 1...N

N
Main Result:
Algorithm to compute exact distribution for any
and    , and arbitrary statistics.

Christandl, Doran, Kousidis, W. (2012)

H

Motivation: 
Hayden, Leung, Shor & Winter (2004 & 2006)

Lloyd & Pagels (1988), Popescu, Short & Winter (2006)

statistical physics, black hole information
typical entanglement & entropies,
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H

Motivation: 
Hayden, Leung, Shor & Winter (2004 & 2006)

Lloyd & Pagels (1988), Popescu, Short & Winter (2006)

statistical physics, black hole information
typical entanglement & entropies,Task: Compute pushforward of 

Liouville measure along moment map

Duistermaat-Heckman 
measure



Example:  Three Qubits H = C2
N = 3
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Sketch of Technique
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(⇢1, . . . , ⇢N )
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Example: Bloch Sphere

� = (1, 0), O� = CP1

diag1,1�z

�1 = 1

0

Theorem (Archimedes, around 230 BC)

PCP1

diag is equal to Lebesgue measure on [0, 1].

10 / 20

Archimedes (230 BC),
Harish-Chandra (1957)



Sketch of Technique

 1...N

(eig ⇢1, . . . , eig ⇢N )(diag ⇢1, . . . , diag ⇢N )

(⇢1, . . . , ⇢N )

• Piecewise polynomial density
• Wall-crossing formula:

based on Boysal & 
Vergne (2009)
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Example:  Three Bosonic Qubits

1. Distribution of diagonal entries:
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Introduction

Eigenvalue Distributions of Reduced Density Matrices

Given a random pure state  ABC , what is the distribution of the

eigenvalues of its reduced density matrices ⇢A, ⇢B, ⇢C?

⇢A

⇢B⇢C  ABC

 probability measure supported on convex polytope (moment polytope)

Motivation

IThermodynamics, statistical physics (Lloyd–Pagels ’88, Hayden–Preskill
’07)  distribution of quantum conditional entropies, typical behavior of
canonical states, . . .

IQuantum marginal problem (Christandl–Mitchison ’04, Klyachko ’04,
Daftuar–Hayden ’04)

MAIN RESULT

Algorithm to compute exact eigenvalue distribution for any number of

particles and arbitrary statistics.

Examples

Pure State of Three Qubits

Higuchi–Sudbery–Szulc ’03:
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Mixed State of Two Qubits

Mixed state ⇢AB with eigenvalues �1 > �2 > �3 > �4.
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Illustration of Algorithm

1. Distribution of diagonal entry:

⇢A1,11
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2. Take the derivative:

�Amax1
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3. Multiply by v(�Amax) = �Amax � 1
2 (volume of corresp. Bloch sphere).

Technique

Notation

I
Peig distribution of eigenvalues of reduced density matrices

I
Pdiag distribution of diagonal entries of reduced density matrices

1� Derivative Principle

Eigenvalue distribution can be obtained from distribution of diagonal entries
by taking partial derivatives in the direction of the negative roots:

Peig = v(�)
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Sketch of Proof

Stationary phase approximation of distribution of diagonal entries is
exact (Duistermaat–Heckman 82) and can be “inverted”.

2� Distribution of Diagonal Entries

IProbability density is volume function of family of convex polytopes

pdiag(�
A, �B, �C) = vol {(pijk) : pijk � 0,

X

ijk

pijk = 1,

X

jk

pijk = �Ai ,
X

ik

pijk = �Bj ,
X

ij

pijk = �Ck }

 classical marginal problem

IPiecewise polynomial function
IAlgorithm for its computation (Boysal–Vergne ’09)

General Algorithm for

Computing Eigenvalue Distributions of

Reduced Density Matrices
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Quantized Algorithm:
arXiv:1204.4379, FOCS 2012


