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Quantum states of bosonic qubits

Hilbert space of N bosons in ground state with pseudo-spin 1
2 each:

SymN(C2),

�z-eigenbasis |S,Mi, total spin S = N
2 , M = �S, . . . , S.

Density matrix

⇢N =
X

M,M 0

⇢M,M 0|S,MihS,M 0|

Reduced density matrix describes state
of n of the N bosons

⇢n = TrN�n(⇢N)

all density matrices
of N bosons

density matrices
of n bosons

reduced density
matrices

TrN�n

Not every n-boson density matrix occurs as the reduced density matrix of an N -
boson state!

spherical harmonics

Clebsch–Gordan: B(SymN(C2)) ⇠=
2SM

k=0

Sym2k(C2) ✓ L2(CP 1)

Wigner function is corresponding function on Bloch sphere,

W (✓,�) =
2SX

k=0

kX

q=�k

⇢k,qYk,q(✓,�),

i.e.,

⇢M,M 0 =
2SX

k=0

kX

q=�k

(�1)S�M�q⇢k,q hS,M ;S,�M 0|k, qi .

Wigner function and reduced density matrix for n < N bosons
are given by the same formulas, but cut off at s = n

2 .

Coherent state along �z

|# . . . #i

Schrödinger cat state

|" . . . "i + |# . . . #i

Quantum state tomography

⇡ rotation to correct frame

Tomographic reconstruction of the Wigner function (Basel)
Filtered backprojection algorithm [1] (similar to an inverse Radon transform):
– prepare state L times
– each time, choose quantization axis (✓l,�l) and measure spin (single Stern–Gerlach

experiment) measurement result (Sl,Ml)

– reconstruct via

⇢̂k,q = (2k + 1)
1

L

LX

l=1

Dk
q,0(�l, ✓l, 0) hSl,Ml;Sl,�Ml|k, 0i

Optimization for states localized on hemisphere: only measure in equatorial directions.

! numerically stable (no inversion)
! for low k, insensitive to fluctuations in S and M (do not need state resolution)
! for small n, reduced density matrices ⇢̂n can be estimated well

Finding the closest physical reduced density matrix (ETH)
Given ⇢̂n, find the closest reduced density matrix which comes from N bosons.

Efficient solution via semidefinite/quadratic program:

minimize k⇢̂n � ⇢nk22
such that 9⇢N � 0 :

Tr ⇢N = 1

⇢n = TrN�n(⇢N)

! closest physical density matrix ⇢n
! lower bound " on error bar

⇢̂n⇢n "

Example: Tomography of a squeezed BEC
Pseudo-spin squeezing of N = 1250(45) 87Rb atoms on an atom chip [2].

Reconstructed Wigner function:

Lower bound " on the error of ⇢̂n given hypothesis on total number of bosons N :
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Future Directions
Reliable error bars; global constraints (e.g., ⇢N Gaussian); . . .

References
[1] R. Schmied and P. Treutlein, New Journal of Physics 13:065019 (2011).
[2] M. F. Riedel, P. Böhi, Y. Li, T. W. Hänsch, A. Sinatra, and P. Treutlein, Nature 464,

1170 (2010).



Representation of a group    :  vector space    and
group homomorphism

Representation Theory

G Ñ GLpV q
G V

Sk ñ Ck Updq ñ Cd G ñ SymkpV q

For “nice” groups:  any representation    can be 
decomposed into a direct sum of irreducible ones:

V “
à

�

m� ¨ VG,�

V

multiplicities
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Main Result:
Poly-time algorithm for any fixed homomorphism
            between compact, connected Lie groups.

Christandl, Doran, W. (2012)

H ! G

“matrix groups” like 
O(d), U(d), Sp(n)



The Branching Problem is in P

VG,�

���
G

H
=

M

µ

m�
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Given highest weights        encoded as bitstrings, the 
algorithm computes the multiplicity       in poly time.
        

m�
µ

�, µ

Main Result:
Poly-time algorithm for any fixed homomorphism
            between compact, connected Lie groups.

Christandl, Doran, W. (2012)

H ! G

e.g. Young diagrams



Why interesting?

Kostka numbers
T (d) ✓ U(d)

Littlewood-Richardson 
coefficients

U(d) ! U(d)⇥ U(d)

Kronecker coefficients
U(d)⇥ U(d) ! U(d2)

Long history and important applications in mathematics, 
quantum physics & information theory...



Why interesting?

Kostka numbers
T (d) ✓ U(d)

Littlewood-Richardson 
coefficients
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Long history and important applications in mathematics, 
quantum physics & information theory...

...as well as in algebraic & geometric complexity theory!

matrix multiplication, 
VP vs. VNP, ...

Strassen (1983), Mulmuley & Sohoni (2001)
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Conjecture (Mulmuley): Positivity 
can be decided in poly-time.
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& W. (2012)
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Branching Problem for Tori

All irreducible representations are one-
dimensional and of the form

Labeled by their weight                                  .

all compact, 
connected 
Abelian Lie 

groups

 
z1

. . .
zr

!
·  = zk1

1 · · · zkr
r  

! = (k1, . . . , kr) 2 Zr

G = U(1)r



Branching Problem for Tori
G = U(1)r

H = U(1)s

(Thus) any homomorphism              is of the form

for an integer matrix                             .

Conclusion:

H ! G

branching 
problem for 
tori is trivial

⌦ = (ki,j) 2 Zs⇥r

VG,!

��G
H

= VH,⌦!

 
z1

. . .
zs

!
!

0

@
z
k1,1
1 ···z

ks,1
s

. . .
z
kr,1
1 ···zks,r

s

1

A
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Summary of Algorithm

GTG

TH H

VG,�

original 
branching 
problem

finite differences

ñ

Barvinok’s algorithm



Variation

Parametric Algorithm:  Can in fact 
precompute these polynomials once 
and for all (e.g., using parametric 
version of Barvinok).

It follows from the proof that       is “piecewise” 
periodic polynomial function.

m�
µ

polyhedral 
domains

28 M. CHRISTANDL, B. DORAN, S. KOUSIDIS, AND M. WALTER
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Figure 4. (a) Chambers and support (gray) and (b) density function of the
iterated convolution computed in Lemma 5.9.

5.2. Mixed States of Two Qubits. We will now use the non-Abelian Heckman algorithm to
treat the case of random two-qubit states with fixed, non-degenerate global eigenvalue spectrum.
That is, we consider the action of K = SU(2)⇥SU(2) on a coadjoint SU(4)-orbit through a point
�̃ contained in the interior of the positive Weyl chamber.

Recall that the Weyl group of SU(4) is the symmetric group S
4

, with (�1)l(w̃) equal to the
signum of a permutation w̃ 2 S

4

. By (4.4),

(5.1) DHT
O�̃

=
X

w̃2S4

sign(w̃) �⇡(w̃˜�) ?H�⇡(↵̃1)
? . . . ?H�⇡(↵̃6)

,

where ↵̃
1

, . . . , ↵̃
6

are the positive roots of SU(4) (see §1.1 for our conventions), and where ⇡ is
the restriction map t̃⇤ ! t⇤, with t̃⇤ the dual of the Lie algebra of the maximal torus of SU(4).
With respect to our identification t⇤ ⇠= R2 fixed in §5.1, the map ⇡ is given by

(5.2) ⇡ : t̃⇤ ! R2, (�̃
1

, . . . , �̃
4

) 7! 2i(�̃
1

+ �̃
2

, �̃
1

+ �̃
3

).

One computes readily that the �⇡(↵̃k) are precisely the weights (�2, 2), (�2, 0) (twice), (�2,�2)
and (0,�2) (twice). In particular, the two negative roots of SU(2)⇥ SU(2) are contained in this
list (each of them is in fact contained twice). By applying Corollary 3.4 we arrive at the following
formula:

Proposition 5.8. The non-Abelian Duistermaat–Heckman measure for the action of SU(2)⇥
SU(2) on a coadjoint SU(4)-orbit O

˜� with �̃ 2 t̃⇤>0

is given by

DHSU(2)⇥SU(2)

O�̃
=

0

@

X

w̃2S4

sign(w̃) �⇡(w̃˜�)

1

A ?H
(�2,2) ?H(�2,0) ?H(�2,�2)

?H
(0,�2)

�

�

�

�

�

�

t⇤+

.

Following Algorithm 4.8, we evaluate the right-hand side iterated convolution using Algo-
rithm 4.3. The result is the following:

Lemma 5.9. The measure H
(�2,2) ?H(�2,0) ?H(�2,�2)

?H
(0,�2)

has Lebesgue density

f(�(1),�(2)) =

8

>

>

>

>

<

>

>

>

>

:

0 in chamber 0,
1

64

�

�(1) + �(2)

�

2 in chamber 1,
1

64

⇣

�

�(1)

�

2

+ 2�(1)�(2) �
�

�(2)

�

2

⌘

in chamber 2,
1

32

�

�(1)

�

2 in chamber 3.

See Figure 4 for the labelling of the chambers and an illustration of the density.

The density of the non-Abelian Duistermaat–Heckman measure is thus given by the restriction
to the positive Weyl chamber of an alternating sum of 24 copies of the density described in
Lemma 5.9, one copy attached to each of the points ⇡(w̃�̃). In view of the geometry of the

polynomials 
on sublattices

Meinrenken & 
Sjamaar (1999)



Summary (of main part)

VG,�

���
G

H
=

M

µ

m�
µ · VH,µ

Poly-time algorithm for any branching problem of 
compact connected Lie groups.

GTG

TH H

VG,�ñ

jj-- -j

k

k

-
-

|
34432
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Aside on Asymptotics

Geometric Complexity Theory: Lower bounds from            
          for certain varieties        (e.g., orbit closure of 
perm/det of certain size).
X 6✓ Y X,Y

mG,X,k(�) > mG,Y,k(�)

Idea: Study coordinate rings, find obstruction

 multiplicity of      in degree k 
of coordinate ring of X

same for Y

Difficult! Study asymptotics? E.g. asymptotic support 
(moment polytope).

V�

Bürgisser & 
Ikenmeyer (2011)



dX 6= dY

Aside on Asymptotics

Asymptotic growth rate (Duistermaat-Heckman 
measure):

DHX = lim
k!1

1

kdX

X

�

mG,X,k(�) ��/k

Our observation:  No crit. for obstructions, since            .
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Example: SU(2)

The irreducible representations of SU(2) are

                                     
labeled by their spin                    

Vj = Symj(C2)

j = 0, 1, . . .

Maximal torus            is isomorphic to U(1), and its 
irred. representations labelled by weight          .k 2 Z

jj-2-j -j+2

Weights of      (all multiplicities are one):Vj

tp z
z qu

recover j via 
finite differences
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Goal: decompose a tensor product of SU(2)-irreps:

Example: Littlewood-Richardson for SU(2)
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3. Reconstruct decomposition 
from weight multiplicities:

Result: mj,k
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0 otherwise

piecewise 
periodic 

polynomial
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