



































































































































JointSystem ReducedStales fications

Last week States Measurements
P T

densityoperators POUT Proutcomew trgpwDSEPSDEHI.hrL to R BDGHExcuse

States are pce if f 14 41 Otherwise mixed How do they arise
classical States g PCH 1 1 1 if D

XEL prob dish

ensembles Epi Si Siete average state 5 Epi Sii
or ensembles in
statisticalphysics

Today Also arise when describing the state of Subsystems

For a G system composed of subsystems the yHilbert space is 71 71 Hn

e.g n qubits At Q2 Cayton

e.g H H HI HI for 2 I In J Ei Q's

01 product basis la xn I xD kn xi C Ei
often leave Kool product of vectors
out commas

States
independent

product States i f s Sn where Si CDEH randomvariables
tensorproduct of operators

otherwise correlated e.g I 10.00.01 I ly XY I Oo

C D Q2

NOTATION From now on we use subscripts to indicate subsystems

E.g Hap Ha HD Saiz for state on Haig XD for operator onHD

Given State Say C DEH 743 c
how to describe stale on subsystem A






































































































































Clear if SAB SB but in general Need input from 9 theory
To measure pair PSDGta or Subsystem Use

µ IB R o PSData HB W 1 0 Naw IB measurement
on AB

If we measure in State LAB
Pr outcome w tr SAD Nacho IB evacuate trace in

orthonormalbasis

Kal Cbl Say paco ID 1a lbs

2 Lal CIA Ebb1 SAD paco IB CIA Ibd a
a b commute

2 Lal 2 CIA Lbl SADCIA I D Naw a

a b

tr CIA Lbl SABCIA lbs path

operator on Ha 8Let's turn this into a def n

The partial tracery LGla Had LEHA is defined by
try MAD lIa KbDMAD 14 any one of Hob

concretely La try MAB Ei 2 La b lMABtab
bb

Thus if we measure 10A in stale fats
Prcoutcome u tr gapaws where StetrizTSADT testified

SA isgooddescription of state of subsystem A
2 tr BEXA Yes Xa IrETB partialtrace

tr IM CX a IN tr tra h.az X a same proof as a bae

SAD stale a SA trotted stale YE'D

try CXa IB HADJ XA try47 5 EXCHU






































































































































Exemple Ha HD Q2 I Its top Ii D max entangledstale

SAD I 40,0XO lol t 100 41 It 141 0,01 t lil XI I1
10 010100 01 OXY axe

SA try 5 3 2410 01 t Xel
Z

z

NB Even if SAD pose Sa can be mixed Conversely
Any OAEDEHA has a purification FHB I4AD Etta HD S th

trig IAB ABI 0A mixedStates subsystemsofpestles
rk Oa Ed in His necessarycsufficient CHURCH OF L REFERH SPACES

existence rr

OA _I pi ki oeil LEAD pi ki did
i I r anyODD

spectraldecomposition purification HD
r

r rkCoa Rf as aboo

alternate standard purification w 745714
I Coat IDEK Kp E Hato HD
square root of Herm of any pair ofOND

PI try LEADLEADD 0AM His lxxk ayifoa ofa Zkxxloaf o.ae
xxyl8kg

Uniqueness LEAD LEAD EHa His purification
IAB CIA Ua 14 33 for unitaryblog on HB

K apt45436,5 1

Eeegeneaky If 14 37 Iad pentications din Ho Edin Hc

Iac CIA V l 4and for isometry Vi 7kg 7k techienotes
fordetails

Tvt f ID 1
This followsreadilyfrom the follocingimportant result



Schmidt decomposition AnyLEAD C Ha HD can bewritten as
I B Si le Ifi

i p
o t orthonormal in Hp

o
frthonormal inHq

I reduced States Ig
SA flei Keil SB silk Gil

D g
eigenvalues are the same HI

For 5 5 14 KHADI PUI SAD product s fa pure 5 a fig pure
Existence Follows from

Singular value decomposition For all MELEH K
these exist si 70 and orthonormal leisek Ig EH S th

M Isi lei CgiI IEXCLAIT
i

for tent
How to find Sii5 2Squareroot of nonzero eigenvalues of Mtn

corresponding orthonormaleigenvectors I M offhtheway

If M Mt Isis absolute nonzero eigenvalues of 173 Igi Cei

Next week we will discuss distancemeasures between g States As preparation

Norms of operators For arbitraryMELEH K w singularvalues Sii's

trace norm HUH si

Frobenius norm 11MHz Sf if A Mt Gis no labseigenvalues's

operator norm 1117165 imaxSi

e.g TG co Lkg ok trace distance of g States go EDEH


